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ABSTRACT

Parallel Algorithms for Interpolation and Approximation
by
Cetin Kaya Kog

A collection of practical parallel algorithms for interpolation and approximation of
discrete data by polynomials and rational functions is introduced. The algorithms are
suitable for implementation in systolic computing systems, on general purpose parallel
computers, and in VLSL

First we show that, by suitably embedding the process dependence graph of the
'Aitken algorithm in space-time and by using non-linear transformations, time-optimal
and spacetime-optimal systolic arrays can be obtained to compute the divided differences
which are the coeflicients of the Newton and Hermite interpolating polynomials. Two-
dimensional versions of the systolic arrays allow us to compute the multivariate divided
differences optimally in spacetime. For the case where the size of the systolic computing
system is smaller than the size of the problem, we describe an efﬁcient algorithm based
on the partitioning of the Newton-Vandermonde matrix. The techniques easily apply
to the Neville algorithm producing similar results.

Next we show that parallel prefix algorithms can be applied to solve a broad class of
interpolation problems in logarithmic time. This approach constitutes an alternative to
the use of the FFT, and yields a class of algorithms to compute the coefficients of the
Newton and Hermite interpolating polynomials, and to solve tridiagonal and banded
linear systems which appear in the construction of cubic or higher degree splines. For
the Newton and Hermite interpolation, the algorithms rely on linear expansions of the
dividedv differences in terms of the given function and derivative values. The special

cases where up to first and second order derivative information is available are treated

vii



in detail. The proof for the case of arbitrarily high order derivative information involves
combinatorial arguments that make use of the theory of symmetric functions. The
parallel Newton interpolation algorithm is shown to be numerically stable. Experiments
indicate that a floating-point implementation results in error accumulation similar to
that of the widely used serial algorithms. Efficient implementation of the parallel prefix
algorithms on the hypercube makes the techniques especially attractive.

Finally, a new rational interpolation algorithm (and its parallel version) based on

orthogonal polynomials and the Newton interpolation is described.
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0

Introduction

This dissertation is concemed with parallel and practical algorithms for interpolation
and approximation of discrete data. With the advances in VLSI design and the commerciali-
zation of parallel computing systems, a considerable amount of parallel computing capabili-
ties have become accessible in university and industrial environments, making the design and
implementation of parallel algorithms an essential step. Two broad classes of commercially
available parallel computing systems are of interest (1) general-purpose parallel processors
(e.g. Intel hypercube, Alliant, and Sequent), and (2) special-purpose co-processors (e.g. The
Function Machine by Electronic Associates). In the coming years, the users of general-
purpose parallel processors will inevitably demand practical parallel algorithms in all areas of

scientific computing. The development of special-purpose co-processors, which consist of a
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collection of function boxes clustered around the main bus of a very fast serial computer,
requires that mathematical software library procedures be replaced by mathematical
hardware procedures. The idea of creating a Mathematical Hardware Library (MHL)
[Hell85] consisting of special-purpose chips (hardwired equivalents of the library subrou-
tines) has been the essence of many research efforts in the area of VLSI computing. Several
expositions have appeared in the literature describing the implementation of algorithms in
special-purpose computing environments. Examples are special units to perform matrix com-
putations, convolutions, and other computations of interest in signal processing applications.
Nevertheless, there is a great potential for algorithms for other areas of numerical computing
(e.g. curve and surface fitting, solution of non-linear equations, numerical integration and dif-
ferentiation, etc.). A complete hardware library should also be capable of coping with these

areas.

Regarding practicality of the parallel algorithms we note that this issue is crucially
important, since in the quest for fast algorithms there is little value in studying those which
are numerically unstable [Mill75]. In this dissertation, we approach the subject from the
numerical point of view rather than the computational complexity point of view, and focus on

the stability aspects of parallel algorithms.

Polynomials are the most widely used class of functions to approximate discrete data,
and in this work we consider polynomials and rational functions as approximating functions.

We are interested in approximation for the following reasons.

i) It is widely used for curve or surface fitting or, in general, the fitting of multidimen-
sional curves to scattered data. Computer graphics and finite element methods are some
-areas where approximation is widely and intensively used. In many applications of

surface-fitting techniques, the ultimate aim is to use the data to construct a contour map
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of the unknown function. Since the function is known only at the data points, one must
construct a contour map for one of the fitted surfaces. Contour map construction has
applications in the oil industry (petroleum explorations), geological maps and cardiol-
ogy (heart potentials) [Schu76].

ii) A ‘*hard”’ function can be replaced by an ‘‘easy’’ function via approximation or inter-
polation. This ‘‘easy’’ function can then be manipulated (i.e. integrated or differen-

tiated) much more easily and effectively [BeZh65].

iii) Inverse interpolation algorithms can be used for the solution of non-linear equations

[BeZh65], [Lark81], [NeSc85], [Trau82].

The interaction between computing sciences and approximation theory, and the impact
of computers on approximation techniques have created the need for approximation, and pro-
vided the means for fulfilling this need [Davi65]. We believe that the design and implementa-
tion of parallel algorithms for approximation techniques will further advance this interaction.

Some additional background information may be helpful to the reader before we con-
tinue. The simplest case of approximation is when a set of pairs of points

(x; ,fi)e FXF for 0<i<n is approximated by a polynomial of degree n |,
Dn(x)e F[x] where F is field. If the points f; are the values of a function f (x ) at
the points x; for 0<i <n , then p, (x ) approximates the value of f (x ) for some x,

ie.
. k
f(x)= Y ax
k=0
The error associated with this approximation will be

e(x)=f(x)-p,(x)
The different criteria of choosing the constants a; lead to three types of approximation (of



Chapter 0 -4- Introduction

major importance) :

I.  Interpolation : The constants, a, for 0<k <n , are chosen so that for a fixed set of
points x; 0<i <n , the value of the approximating polynomial is equal to the value
of the function

Pa(x)=f(x) , 05i<n.

. Least-Squares Approximation : Here we try to choose the a; ’s such that

llex)HllZ= f‘, e2(x)
i=0

is minimized.

OI. Uniform or Chebyshev Approximation : Here we try to minimize
Ne(x)lla=max(le (x)) , 0sis<n

by choosing the a; ’s.

In this dissertation we introduce a collection of parallel algorithms for interpolation of
discrete data by polynomials and rational functions. Algorithms for constructing a polyno-
mial (or a rational function) to fit the given data in the Chebyshev sense use interpolation at
each step of iteration. These types of algorithms, termed as exchange algorithms, start with a
subset of the node points and construct the function interpolating this subset. The algorithm
proceeds by exchanging a point from the subset with another not in the subset until the best
fit is achieved [Stie56], [DeMa74], [RaRa78]. At each step polynomial or rational interpola-
tion is used to construct the approximating function. Thus, parallel interpolation algorithms

are essential for parallel implementation of Chebyshev approximation algorithms.

In Chapter 1, we show that the divided differences, which are the coefficients of the
Newton and Hermite interpolating polynomials, can be computed optimally on systolic com-

puting systems. The classical nature of the Aitken and the Neville algorithms to compute the
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divided differences makes this well-justified. These algorithms have been thoroughly studied
and widely implemented. Much is known about their numerical properties, and they are
widely preferred to other types of interpolation algorithms, especially those which use the
Fast Fourier Transform. It is shown that by suitably embedding the process dependence
graph of the Aitken algorithm in space-time, time-optimal and spacetime-optimal systolic
arrays can be obtained. Variations of spacetime-optimal arrays are produced by using dif-
ferent nonlinear transformations. The spacetime optimal linear arraysuse [ n/2 ] proces-
sors to compute the interpolating Newton polynomial of degree n in 2 n —1 steps. We also
show that these arrays can be used to compute the generalized divided differences which are
the coefficients of the Hermite interpolating polynomial. Two-dimensional versions of the
systolic arrays allow us to compute the multivariate generalized divided differences optimaily
in spacetime. The techniques easily apply to the Neville algorithm producing similar results.
For the case where the size of systolic computing system is smaller than the size of the prob-
lem, we describe an efficient algorithm based on the partitioning of the Newton-
Vandermonde matrix. We also show that by re-programming the processors the interpolating

polynomials can be implicitly evaluated.

The results of Chapter 1 will appear as a technical report at the Department of Com-

puter Science, University of California, Santa Barbara.

In Chapter 2, a new parallel algorithm for Newton interpolation is presented. The algo-
rithm makes use of parallel prefix techniques for the calculation of divided differences in the
Newton representation of the interpolating polynomial. For n + 1 given input pairs the pro-
posed interpolation algorithm requires 2 [ log(n+1)] +2 parailel arithmetic steps, and cir-
cuit size¢ O (n?). The interpolation algorithm is shown to be numerically stable. Experi-

ments indicate that a floating-point implementation results in error accumulation similar to
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that of the widely used serial algorithms. An efficient implementation of the algorithm on a
hypercube parallel computer is also exhibited. Further advantages of the algorithm are that it

does not require equidistant points, preconditioning, or use of the Fast Fourier Transform.

The results of Chapter 2 appeared as ‘‘Fast and Practical Parallel Polynomial Interpola-
tion,”” Technical Report No. 646, January 1987, Center for Supercomputing Research and
Development, University of Illinois at Urbana-Champaign, and has been accepted for publi-

cation in Journal of Parallel and Distributed Computing.

Given n +1 distinct points and arbitrary order derivative information at these points, a
parallel algorithm to compute the coefficients of the corresponding Hermite interpolating
polynomial in O (logn ) time using O (n2) processors is presented in Chapter 3. The
algorithm relies on a novel closed formula that yields the coefficients when the generalized
divided differences are expressed linearly in terms of the given function and derivative
values. We show that each one of these coefficients and the required linear combinations can
be evaluated efficiently. The particular cases where up to first and second order derivative
information is available are trez_lted in detail. The proof of the general case, where arbitrarily
high order derivative information is available, involves combinatorial arguments that make

use of the theory of symmetric functions.

The results of Chapter 3 appeared as ‘‘Parallel Hermite Interpolation: An Algebraic
Approach,’’ Technical Report No. TRCS86-27, November 1986, Department of Computer
Science, University of California, Santa Barbara. It was presented at The First International

Conference on Industrial and Applied Mathematics, Paris, France, June 29 - July 3 1987.

Due to the Runge effect, polynomials of higher degree can not be used for approxima-

tion of certain functions [Davi75]. In this case the most effective approach is to use cubic
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splines or splines of higher degree. A spline curve is one which is a piecewise polynomial
and which has an appropriate amount of continuity where the pieces join. The algorithms for
construction of cubic splines to fit the given data set solve a set of tridiagonal equations
[ADNW67]. In Chapter 4, we show that the recursive doubling algorithm as developed by
Stone can be used to solve a tridiagonal linear system of size n m O (logn ) stepson a

parallel computer with n processors. Here, we give a limited processor version of the recur-
sive doubling algorithm for the solution of tridiagonal linear systems using O ( % +logp )

parallel arithmetic steps on a parallel computer with p <n processors. The main technique
relies on parallel prefix algorithms, which can be efficiently mapped on the hypercube archi-
tecture using the binary-reflected Gray code. For p << n this algorithm achieves. linear
speed-up and constant efficiency over its sequential implementation as well as over the
sequential LU decomposition algorithm. These results are confirmed by numerical experi-

ments obtained on an Intel iPSC/d5" hypercube multiprocessor.

The results of Chapter 4 appeared as ‘* A Recursive Doubling Algorithm for Solution of
Tridiagonal Systems on Hypercube Multiprocessors,”” Technical Report No. TRCS88-1,
January 1988, Department of Computer Science, University of California, Santa Barbara. It
was presented at The Third Conference on Hypercube Concurrent Computers and Applica-
tions, January 19-20 1988, Pasadena, California, and The Third SIAM Conference on Parallel
Processing for Scientific Computing, December 1-4 1987, Los Angeles, California, and has

been accepted for publication in Journal of Computational and Applied Mathematics.

In Chapter 5, a new algorithm for rational interpolation is proposed. Given the data set,

the algorithm generates a set of orthogonal polynomials by the classical three-term recurrence

1 iPSC is a trademark of Intel Corporation.
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relation and then uses Newton interpolation to find the numerator and the denominator poly-
nomials of the rational interpolating function. The number of arithmetic operations required
by the algorithm to find a particular rational interpolant is O (N 2y, where N +1 is the
number of data points. A variant of this algorithm that avoids Newton interpolation can be
used to construct all rational interpolants using only O (N?) arithmetic operations. The
parallel versions of the algorithms require N +1 processors to construct a particular rational
interpolant in O (2 logN ) arithmetic steps, or all rational interpolants in O (N logN )

arithmetic steps.

The results of Chapter 5 appeared as ‘A Fast Algorithm for Rational Interpolation via
Orthogonal Polynomials,”’ Technical Report No. TRCS87-6, May 1987, and ‘‘An
O (N logN ) Parallel Algorithm for Rational Interpolation,’” Technical Report No.
TRCS88-2, January 1988, Department of Computer Science, University of California, Santa
Barbara. The first technical report has been accepted for publication in Mathematics of Com-
putation. These results were presented at SIAM 35th Anniversary Meeting, October 12-15
1987, Denver, Colorado.



| Systolic Computation of Interpolating Polynomials

It is shown that by suitably embedding the process dependence graph of the Aitken
algorithm in spacetime, time-optimal and spacetime-optimal systolic arrays can be obtained.
Variations of spacetime-optimal arrays are produced by using different nonlinear transforma-
tions. We also show that these arrays can be used to compute the generalized divided differ-
ences which are the coefficients of the Hermite interpolating polynomial. Two-dimensional
versions of the systolic arrays allow us to compute the multivariate generalized divided
d_ifferences very efficiently. The techniques apply to the Neville algorithm, producing similar -
results. For the case where the size of systolic computing system is smaller than the size of
the problem, we describe an efficient algorithm based on the partitioning: of the Newton-

Vandermonde matrix.
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1.1. INTRODUCTION

McKeown [McKe86] establishes a rationale for performing iterated interpolation using
a systolic array:
"Another consequence of developments in VLSI technology is that interpolation in
a table as a means of function approximation could well rehabilitate itself, at
least for certain ‘difficult’ functions. ... the continually falling cost and increas-
ing capacity of semiconductor memory chips could soon make it feasible to con-
sider storing on such a chip a table of values for a function requiring complex
direct computation. The set of ‘chip tables’ together with a systolic array for

iterated linear interpolation could thus have attractive possibilities.

He presents a systolic implementation of Aitken’s method of iterated interpolation. In this
Chapter, we consider a systolic version of Newton and Hermite polynomial interpolation

using the algorithms of Aitken and Neville. This work builds on that of McKeown by:

i)  presenting several altemative systolic implementations of Aitken’s algorithm, some of
which are optimal; |

ii)  applying these implementations to Neville’s algorithm;

ili) presenting 2-level systolic arrays for computing generalized divided differences;

iv) presenting a systolic scheme for the multivariate case;

v) presenting a scheme, based on the mathematics of the problem, for ‘partitioning’ a large
interpolation problem onto smaller systolic arrays;
vi) showing that the interpolating pelynomials can be implicitly evaluated by only re-

programming the processors.
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1.2, NEWTON AND HERMITE POLYNOMIAL INTERPOLATION
The polynomial interpolation problem is defined as follows:

Input :

n+1 pairsof points (x; ,f; )e F XF, 0<i <n,where F is afield.

Problem :

Find a polynomial p, (x )e F [x ] ofdegree-n suchthatp, (x; )=f;, 0<i <n.

The interpolating polynomial of degree n exists and is unique, provided that x; #x; for
i #j . Polynomial interpolation is applied to the problem of function approximation. If the
points f; are the values of a function f (x ) at the points x; for 0<i < n , then the inter-
polating polynomial p, (X ) is used to approximate the value of f (X ) for some X #x;
for 0<i <n , but which usually is in the same interval as the x; 's.

The polynomial of degree n passing through the points (x; , f; YforO<i <n is given
in the Newton form as

Pa(x)=fo+fo(x=x0)+foz(x —x0) (x—%x1)+ -~

+foz.n (X=20)(x=21) - (X=X y) (1.1)
where the coefficients f, ; are called the divided differences. The coefficients of the

Newton polynomial interpolating the function f (x ) at the node points x; for 0<i <n can
be computed using the well-known algorithms of Neville and Aitken [Hild56], [Krog70].
These algorithms use recursions to compute whaf is known as the divided difference table
whose diagonal entries are the desired ::oefﬁcients of the Newton interpolating polynomial.

The Aitken algorithm uses the recursion:

forz.i=Fow2.i-1,%
= . =1, 1.2
forz..i e P 1.2)




Chapter 1 -12 - Section 2

for 0<i<n -1 and i +1<k <n . The Neville algorithm uses the recursion:

il 1= Fivl 02,k
- Pl L 1 e 1.3
fx,H-l....k X; — X ( )

for0<i<nm andi+1<k<n.

For Hermite interpolation (the confluent case for Newton interpolation), we construct a
polynomial that passes through the values of f (x ), as well as its derivatives, at the node
points x; . Let m be an ordered collection of integers such that

m=(mg,my, - ,m, ) with 1<m;, for 0<i <n.
We denote the kth derivative of f (x ) evaluated at x; by f®(x; ), with FO(x; )=F;.
If we are given
X% fi o FO ) P, o ™)
for all 0<i <n, then we can construct the Hermite polynomial to interpolate this data set.
That is, we can construct
B (x)=f &) (%), for 0<i<n, 1<k <m;.
The Hermite interpolating polynomial aiso is unique, provided x; #x; for i #j as is the
case for Newton interpolation {[BeZh65]. The degree of the Hermite interpolating polynomial
is
N=mo+m1+~--+m,,_1+m,,-1 . (1.4)
The Hermite interpolating polynomial can be given as
' = - - )2 e — . ymel
PN(X)=fu+fp@-x0+f @ —xg"+ - +f m(x—x0 T+
m m; m mi—1
fomo, @ =207 +f my &6 =%0)° @ —x )+ o0 +f my my X =X0) T —x)+

fo"'°1"'12(x —-x)™ (x —Jcl)""+f0,,.01,,.122 x=x ™ (x =x )™M (x =x)+ -+ -

f romgme . m B =X G =2 x—x)™ - @ —x,)™L. (1.5)
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The simplest instance of the Hermite interpolating polynomial is when
m=(1,1,---,1), which corresponds to the Newton interpolating polynomial. The
coefficients of this polynomial are referred to as the generalized divided differences [Hild56],
[TsPr78], [Krog70]. The Aitken and Neville recursions can be used to compute the general-
ized divided differences, provided that we avoid division by zero in the recursion formulae

(1.2) and (1.3) by defining

=1 can
fii.i= U=)! FE(x), (1.6)
where the subscript i is repeated k& times [BeZh65]. We also denote the generalized

divided difference (1.6) by f .
The Aitken algorithm for generalized divided differences uses the recursion:

foao_“ial-'ka!-l _foaa.“ ia,-l ka!

a a . a : 1
f0°---i'.lc" X; =X 4.7

for 0<i<n-1 and i+1<k<n, and the Neville algorithm for generalized divided

differences uses the recursion

a~1 = fi“i"l . kak

f-“i...
f.a,- =— k

LR X; =X

(1.8)

for 0<i<n-1and i +1<k <n where a; <m; for 0<i <n . The recursion formulae

(1.7) and (1.8) specialize to (1.2) and (1.3) respectively when m=(1,1, --- ,1).

1.3. AITKEN ALGORITHM

In this section we give the Aitken algorithm in a Pascal-like notation which will allow
us to construct its process dependence graph. To illustrate, let # =3 and m=(2,2,2,2).

The input data, then, consists of the function and derivative values x; , f; , f; for 0<i <3.
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The following matrices, A; € F mXm  are assumed to contain the generalized divided

differences for 0<i <2 and 1<j <3 in the prescribed fashion:

Ay =

[ f o f_oossq

| fo3s foos |

[ foxz fooz |

| fo2 fom |

Fou foonn

| for foor |

, Aj3=

]
[ £ o033 £ o113
L foo1s foous |

- .
foo122 £ oor122

| foorz foonrz |

,Au={

S oo11233 f 00112233
foonzs foorzzs

We denote an entry of the above matrices with A; (p,q ) where 1<p <m; and

1<¢q <m; . For notational convenience we assume that the index p increases from left to

right, and the index ¢ increases from bottom to top. The entries of these matrices (e.g. the

generalized divided differences) are computed with the Aitken algorithm using (1.2) as

In most the general case, the input data is given as (x;,f;) for 0<isn and

1<k <m;

. The following procedure given in a Pascal-like notation computes A; (p ,q )

forall 0<si<n -1, 1<j<n,and 1<p <m;, 1<q <m; usingrecursion (1.7).

Procedure_Aitken

Input : ( x; ,fi,,) for 0<i<n , 1

Output : A (p ,q ) for 0<i<n-1,1<j<n ,1

<k <m;.
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BEGIN
FOR i =0 TO n -1 DO
FOR j=i+1 TO n DO
FOR p =1 TO m; DO
FOR ¢ =1 TO m; DO

A;(p.gq-1)-A;(p-1,q)
Aj (p.q)=— .
L 7

END PROCEDURE

We note that in the above procedure p and ¢ may take the value O, corresponding to
boundary and interface values of the Aitken table. Whenever this happens, then that value of
the matrix entry should be replaced with one of the following:

Agi(p,0)=fp » 1Spsmg ,

Aij(p,0)=A,-_1'i(m,-_l,p) N 15[5”—1,25]5” ,1.<.p$m, ,

Aoj(O,q)=qu , 1€jsn ,1<q<m; ,

A,-j(O,q)=A,-_1'j(m,-_1,q) ,ISiSn—l,ZSan ,ISquj

The outputs of this procedure are the generalized divided differences which are

Aif (p.q )=f0"'01"'12"'2 e ip je
for 0Si<n-1,1<j<n,and 1<Sp <m;, 1<q <m; . The coefficients of the Hermite
interpolating polynomial are the entries of the matrices A, ; for 1<i <n , and expressed

in this notation as

f0m°1q=A01(m0'q) ’ 1-<'q5’nl ’

f poqmigg =Az(miq) , 15q<my ,
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f0m°1m12m,_'“nq =.An—l,n(mn—l’q) » 1=¢ sm,

1.4. PROCESS DEPENDENCE GRAPH OF THE AITKEN ALGORITHM

The data dependences among the entries in the divided difference tables computed by
the Aitken and Neville algorithms lend themselves to systolic implementation. In order to
exploit the properties of these tables we will take a closer look at the algorithms to compute
the entries. This will allow us to form the process dependence graph of each algorithm to
compute the divided differences.

We start with n =4 and m=(1,1,1,1,1). Inthis case the matrices A; are sim-
ply scalars. In order to see the functional dependence of each entry on the previously com-
puted entries and on the node points x; in the table, we use the recursion (2.3) and fill the

Aitken table as follows:

fo—-Fa Agp—-Aps Ap—-Ayp Ap—Ay
Ao4=';— Ays—"— Ay=——— Ayy=——
0~ %4 Xy1—X4 X2 — X4 X3—X4
fo=T13 Ap—-Ap Ap—Ap
Xp—X3 X)p=X3 Xy—X3
fo—f2 Ag-Ag
Ag="—r~ Ap=—"—-
0—X2 Xy —x2
fo—rf1
Ag =
Xo—X)

Here we notice that in the denominator terms, x; —x; , the node point x; is repeated
along a column whereas the node point x; is repeated along a row. The positions of the
numerator terms, (e.g. the divided difference terms) are similar. First, a divided difference

term of the form A, ; is computed on the diagonal, then this term is used in every
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operation along the ith column. Based oﬁ these observations we illustrate the process
dependence graph of the Aitken algorithm for n =4 and m=(1,1, ---,1) in Figure
1.1. The graph is drawn on the (i ,j) coordinate system. The nodes of this acyclic
directed graph represent the operations, and the oriented edges correspond vthe dependence
among the variables used in the operations. The node at point (i ,j ) computes A; by per-
forming the operation

Ay, ;'Ai—l j
Lo el T) 19
e (1.9)
A comparison of Figure 1.1 with the above table reveals the fact that the necessary operands

are present for the operations performed in the nodes.

These observations can be used to compute the generalized divided differences. In this
case we have m=(mgqg,my, -+ ,m, ) with m; >1 and A; are matrices of dimension
m; Xxm; . If we allow the nodes to represent the operations to compute the entries of the
matrix A; , then the process dependence graph for the generalized divided difference tables
will be the same as the Newton case which is given in Figure 1.1. Let m; =3 and m; =4,
by using Procedure_Aitken we observe that these entries are computed in the following

fashion

Ay (1= AR ey ) 2,0y 22D h 1) (3,0 = O 2.D)

A (1,32 A LD ey () Ay (2.3)= 22D A0 (1) 4y (3,3)= QD=4 2.D)

Ml,z)=m1.l);:ﬂm.z) 22y BBt 012 IMERSREAEEE (2,2)

Ay (1iy= A lmn Dby (1) o A O DA (D) g gy A (mee,3) = A (2.1)
X -% X -x -y

The process dependence graph of the above operations is illustrated in Figure 1.2. The
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node at the point (i ,j ) now represents m; X m; smaller nodes connected as a rectangular
mesh where the entries of the matrix A; are computed. If m; =1 forall 0<i <n , then
this graph consists of only one node and the process dependence graph of the generalized
Aitken table reduces to the simple case depicted in Figure 1.1. Thus we can view Figure 1.1
as the process dependence graph of the most general case where the nodes are considered as
rectangular meshes of smaller nodes. This hierarchical view simplifies the treatment of each
case, and allows us embed the process dependence graph in spacetime to produce various sys-
tolic arrays. In the following sectiogs, the process dependence graph, G, , for Aitken’s algo-
rithm is embedded in spacetime, obtaining several different systolic arrays (for spacetime

embedding techniques, see [CaSt84]).

1.5. THE MCKEOWN ARRAY

In this section, we present McKeown’s array [McKe86]. We embed the process dependence
graph for Aitken’s algorithm in space and time. The abscissa is interpreted as time ( ¢ ); the

ordinate as space ( s ). The linear embedding, E, is as follows:

t i 11
§ =T, j , where T1= 10

The resuit, depicted in Figure 1.3 for » =6, is McKeown'’s array. Data that flows south —

north in Figure 1.1 will flow in the direction of time, (perpendicular to space) in the
McKeown design: It is in the processors’ memory. Data that flows west —> east in Figure
1.1 will flow up through the McKeown array. Data that flows south — east in Figure 1.1

also will flow up through the McKeown array, but at half the speed of the west — east data.

Process (i ,j ) is executed at time i +j in processor j . By inspection, we see that the

array uses n processors, finishing the computation in 2 » — 1 time steps. The number of
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vertices (processes) in a longest directed path in any process dependence graph is a lower
bound on the number of time steps of any schedule for computing the processes. In our
graph, the number of vertices in a longest path is 22 —1. McKeown’s array thus uses a
spacetime embedding that is optimal with respect to the number of time steps used. Such an

embedding is referred to as time-optimal.

1.6. A SPACETIME-OPTIMAL VERSION OF THE MCKEOWN ARRAY

Definition: A graph’s embedding is spacetime-optimal when it is space-minimal among
those embeddings that are time-optimal.

We now make a slight modification to the McKeown array, producing a spacetime-optimal
array. There is unused time on the lower numbered processors. We reschedule the computa-
tion done on the upper processors onto these lower processors. More formally, we embed the

process dependence graph as follows:

t
[s] =T, | .| , for isn-j;

t i) 0 ) )
s| =T ] + n—j , for i>n—j

This embedding, E,, is illustrated, for n =6, in Figure 1.3. This design has 2 phases of

data movement. In the 1st phase, data moves as in the McKeown design. As the 1st phase
ends, and the 2nd begins, there is a transition: When n isl even (as depicted in Figure 1.3),
there are 2 time steps in which the south — east data wxll flow in the direction of time: It is '
in the uppermost processor’s memory for these 2 steps. When 2 is odd, the south — eastb

data always will move through the array.
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In the 2nd phase, data moves as follows. Data that flows south — north in Figure 1.1 will
flow down through the array. Data that flows west — east in Figure 1.1 will flow in the
direction of time: It is remembered in this phase. Data that flows south — east in Figure 1.1

also will flow down through this array, but at half the speed of the south — north data.

The following theorem asserts that, of those spacetime embeddings that are time-optimal, this

embedding also is space-minimal.

Theorem 1.1
Embedding E, of G4 is spacetime-optimal.
Proof :

The embedding E, is identical to E; with respect to time: it too is time-optimal. We
argue space minimality as follows. To reduce space, we must reschedule a processor’s
processes 10 other processors. Let us focus on the points in time where all processors aré
used. In Figure 1.3, they occur for ¢t =5,6,7. During these points all 3 processors are
used. We refer to such points in time as the space-maximal points of the embedding. In
order to reduce the spatial extent of this embedding, it is necessary that the processes from
some processor’s space-maximal points be rescheduled onto other processors. We can reduce
the spatial extent of the embedding depicted in Figure 1.3, for example, if processes embed-
ded at coordinates are (5,3), (6,3), and (7,3) can be rescheduled onto other processors. Notice
that these processes are on a longes_t directed path in the process dependence graph. This
means that none ca;l be rescheduled for earlier completion without violating an order con-
straint. Neither can they be scheduled for later completion without either violating an order
constraint or extending the overall completion time, violating the time-optimality property.

In fact, in this embedding every process is on some longest path, and hence can be
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rescheduled onto neither an earlier nor a later cycle. For this process dependence graph,
processes occurring during the space-maximal points, in particﬁlar, cannot be rescheduled.
Therefore the number of processors used cannot be reduced without violating time-
optimality. We conclude that the embedding is spacetime-optimal: Any spacetime embed-

ding of this process dependence graph that completes in 272 —1 cycles, must use at least

[ n2] processors. @

Moreover, the nonlinearity of our spacetime transformation is necessary: There does not exist

a linear embedding of the initial indices that is spacetime-optimal.

1.7. SOME OTHER SPACETIME-OPTIMAL ARRAYS

We now present 2 other spacetime-optimal embeddings of the process dependence
graph of Figure 1.1. The first is another variation of McKeown’s array. We again reschedule
the computation done on the upper processors onto the lower processors. To do this, we con-
nect the endpoints of the linear array, making a ring of processors. More formally, we non-
linearly embed the process dependence graph as follows:

t=i+j

s =j mod{ m2| ;
This embedding, E,, is illustrated, for n =6, in Figure 1.5. This design has data flow
characteristics that are identical to the McKeown array, except that the upper processor is

attached to the lower processor, and data movement wraps around.

Since this embedding results in a computation of the process dependence graph that uses

2n -1 steps and [ n/2] processors, it too is spacetime-optimal.

Finally, we present a bilateral array in which the south — north data of Figure 1.1



Chapter 1 -22 - Section 7

moves up through the array, while the west — data moves down through the array. Such a
data movement scheme may be useful, depending on the larger context of which this compu-

tation is a part. The spacetime embedding, E, is presented in 2 steps:

1.  First, we embed the process dependence graph, illustrated in Figure 1.6, as follows:

(ont] e 21

In this spacetime embédding, when processors are used, they are used only every other
time step.

2. We now compress the spatial extent of this embedding with the following nonlinear
transformation:

T,=[C] ,
where

ex[38) mretetemtess wee|[] | < [H1]

Processor efficiency (i.e., the percentage of time that a processor is used) is doubled
asymptotically by this nonlinear transformation. Figure 1.7 illustrates the result.
This design has 2 phases of data movement which alternate with each time step. Regardless
of the phase, data that flows south — east in Figure 1.1 will flow in the direction of time: It

is remembered.

In phase A , data that flows south — north in Figure 1.1 will flow up through the array; data

that flows west — east in Figure 1.1 will in the direction of time.

In phase B , data that flows south — north in Figure 1.1 will flow in the direction of time;

data that flows west — east in Figure 1.1 will low up through the array.
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Since this second transformation results in an embedding that uses 271 —1 steps and

[ w2] processors, it too is spacetime-optimal.

1.8 TWO-DIMENSIONAL ARRAY

We now present a 2—d array for computing the process dependence graph of Figure 1.1.
This is done by embedding the process dependence graph into a 3—d space. One way to do

this with a linear embedding, Es, is as follows:

t i 11

51 :=T3 . N where T3= 10
J

5 01

Figure 1.8 illustrates the result. In this array, there is a processor for every process (in the
process dependence graph). The flow of data between processors corresponds to the arcs in
the process dependence graph. Every processor whose corresponding vertex in Figure 1.1
has indices whose sum is k& will execute its process at time step k . Execution completes
a\fter 2n —1 time steps. This embedding has the property that each processor is used
exactly once per execution of the process dependence graph. The array can start executing a
new process dependence graph every time step Figure 1.9 is intended to illustrate the pipe-
line quality of this array; it shows 2 process dependence graphs embedded in spacetime such
that execution of the 2nd starts 1 time step after the 1st. Consequently, executing k such

process dependence graphs uses 2 n +k —2 time steps.

The 2-d systolic array is useful when one faces the problem of computing many interpo-
lation polynomials with possibly differents set of points. Such is the case for multivariate

interpolaﬁon which we consider in Section 1.11.
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1.9. COMPUTING GENERALIZED DIVIDED DIFFERENCES

In this section, we incorporate extensions to Aitken’s algorithm, enabling it to be used
to compute generalized divided differences. As mentioned in Section 1.4, the process depen-
dence graph for the generalized divided differences has a two-level structure. At the top
level, its structure is that of the divided differences process dependence graph, illustrated in
Figure 1.1. Each node in this top level structure comprises a rectangular mesh of nodes that
perform scalar operations, illustrated in Figure 1.2. Figure 1.10 illustrates how these rec-
tangular meshes are interconnected to form the 2-level process dependence graph Gg4 . The
spacetime embeddings used for computing the divided differences (see Sections 1.5-1.8) can
be applied to the process dependence graph for computing generalized divided differences.
The McKeown embedding for the generalized case is illustrated in Figure 1.11. Table 1.1
contains the time and space complexities of these embeddings. Embeddings E,, E,, and
E4 also are spacetime-optimal for the process dependence graph, Gg4 , that computes gen-

eralized divided differences.

There are several other ways to embed this 2-level process dependence graph. Some of

these design alternatives are touched upon in the Conclusion,

1.10. NEVILLE ALGORITHM AND PROCESS DATA DEPENDENCE GRAPH

In this section we describe the Neville algorithm and its process dependence graph. For
simplicity of the illustration, we assume that n =3 and m=(2,2,2,2). Similar to the

Aitken algorithm, we define the matrices N; € F™™™ for 0<i <2 and 1</ <3 as:

S 00112233 f 0112233 f 112233 12233 f2233 fams
Nog= » MBS » BT fom fa |

foorzzz fouzzs fi2s [
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[ foonzz fouz Ffuzn fi1z2
Noz= ’ N12=

| ooz fouz fuz fr2
N01=-foou fou]
| foor far
In general we have
N;i(p.q)=f

ip (Hl)mh'l can (,'_l)mi—qu
where index p is assumed to increase from right to left and index ¢ from bottom to top.

The entries of the matrices N; are computed by the Neville algorithm using recursion

(1.10).
Nops Nis N
Ny Ny
Nop

Here, the diagonal entries, No;, Nj,, and N,3, are computed first, followed by the
entries above the main diagonal, Ny, , and N3, and so on. This process is formalized in the

following procedure.

Procedure_Neville

Input : (x; , f ) for0<i<n ,1<k<m;.

Output : N (p ,q ) for 0<i<n-1,1sj<n ,1<sp<m; , 1Sqsm;.
BEGIN

FOR j=1 TO n DO
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FOR i =0 TO n —j DO
FOR p =1 TO m; DO
FOR ¢=1 TO m; DO

Niisj(P,g—-1)=-N; ;4j(p-1,q9)
Xi = Xi+j

Nii+j(P,q)=

END PROCEDURE

The boundary and interface conditions for the Neville_Procedure are found to be

Nii+1(p,0)=f, , 0si<n-1,1<p<m, ,
Niisj(P,O)=N; s (P omyiy) L 25jSn ,0SiSn-j ,1SpsSm; ,
Niis1(0,9)=f 1y » 0SisSn~-1,1sqSmy ,

Ni i4j(0,9)=N; 14j 41 (Myjy q) 2 2SjSn ,0<iSn—j , 1SqSmyy, .

To illustrate we take n =4 and m=(1,1,1,1,1).

Npn—-N N;=N Nss=N -
Noy= 3—Nu N o= 13— N2 Ny = 23~—Nay N34=f3 fa
Xo—X4 X1 —X4 Xp—X4 X3—X4
Np—Nis Nip—Ny f2=S3
0= B= Ny=
Xo—X3 X1—X3 X2—X3
No—-N -
Noy= on—Np2 N12=f1 f2
Xg—X2p X1—Xp
fo—Ff1
No =
= o

For the denominator terms x; —x; , the point x; is repeated along a column whereas
the point x; is repeated along a row. Also when a divided difference term, Nj; , is com-

puted, then this term is used to compute N;_; ; and N; ;. The process dependence graph



Chapter 1 -27 - Section 10

of the Neville algorithm, Gy , is given in Figure 1.12 drawn on the (i ,j ) coordinate sys-

tem where the node at the point (i ,j ) computes N; by performing the operation

N; 1= N j

Ny = (1.10)

X — X

For the generalized divided differences, similar to the Aitken case, we have
m=(mg,my, -+ ,m, ) with m; >1 and N; are matrices of dimension m; xm; . Now
we let the nodes in Figure 1.12 represent the set operations to compute the entries of the
matrix Ny . Figure 1.12, then, represents the process dependence graph for the generalized
divided difference table as well. If m; =3 and m; =4, then by using Procedure_Neville we

compute the entries of N; as

Ny (3,3)=Ny(2,4) Ny(2,3)=Ny (1.4) Ny (1,3) =~ Nury (men,4)

Ny(3.4)= =% Ny (2,4)= Py ‘ Ny(1,4)= =%
N~(3_3)=M'(_3'2‘)%%’M Ny(2.3)='M'—(2"2&)::—'L'3l—)' N'(1'3)=Nu(l-z);h_’»:(mn”
N~(3'2)=Nu(3.1:::u(2.2) Ny (2.2)= Nu(2.l“)::1(1.2) N'(m)=Nu(l.l);A_h.:(m,z)
Ny(3'1)=MJ-1(3.:H_);N¢(2.1) Ny(2'1)=N'.I'l(z-':-l—);Ntl(lxl) N’(1,1)=NIJ-I(]-'"'Q-;)::HJ(MJ)

The process dependence graph of the above operations is ﬂlusfrated in Figure 1.13.
Similar to the Aitken algorithm the node at the point (i ,j ) represents m; xm; smaller
nodes connected as a rectangular mesh.

Process dependence graph of the Neville algorithm, Gy , can be embedded in space-
time similar to the embeddings of the Aitken algorithm as we have described in Sections
1.5-1.8. Here we describe one such embedding which is a variation of McKeown’s array. The

spacetime embedding of the process dependence graph given in Figure 1.12 is as follows

HEEIEIY
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This embedding illustrated in Figure 1.14 for n =6 . Data that flows south — north in Fig-
ure 1.12 will flow in the direction of time and space. It flows up through the array. Data that
flows east — west in Figure 1.12 will flow in the direction of time: it stays in the processors’

memory. We see that the array uses n processors, finishing the computation in n time.

1.11. COMPUTATION OF MULTIVARIATE DIVIDED DIFFERENCES

In this section we consider the problem of multivariate interpolation. We illustrate the
underlying algorithms and systolic arrays for computation of the bivariate divided differ-

ences. Extension to more than two variables is straightforward.

The general problem of multivariate interpolation of an arbitrary set of points is
difficult, and the algorithms are complicated. The main reason for this is that unisolvence can
not be satisfied for completely arbitrary spaced data [BeZh65]. In one dimension, the distri-
bution of the points is restricted enough to satisfy unisolvence [Thac60]. One usually needs
to make assumptions regarding the distribution of the points; see, for example, [Salz56],
[GuRo70], [GaMa82]. Otherwise it is required that certain determinants which appear in
constructing the interpolating polynomials do not vanish [Salz64]. We consider bivariate
interpolation on a two-dimensional grid only. This is a common case which also offers a
natural generalization of the divided difference algorithms to higher dimensions. The
machinery developed so far for computation of the univariate divided differences suits well to
this case. We assume that there exists a bivariate function f (x,y ) evaluated at
(n+1)(n+1) points on the Euclidean plane (x;,y;) for 0<i,j<n. Denote

f (% ,x;) with f;; ;then the points are arranged as

f On f 1n f 2.1 . f nn
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foz fi12 f22 - fa2
for fiu1 fa1 - fm
foo Sfio f20 - fao

The bivariate Newton polynomial interpolating this data set can be given as

PGry)=3 B (x=x0)-(x=51) =30 - =3 S oviony
i=0j=
where the coefficients f ;1..:'.01. j are bivariate divided differences which are found by apply-
ing the univariate divided difference algorithms repeatedly inthe x and y directions. First
we simultaneously apply the Aitken (or the Neville) Algorithm in the x direction for all

0 <j<n,andfind

fon fon Sforzn - fo1zan
foz foz forzz - Sforizaz
foqr Sfoix Sfoizr - foizal
foo foo Sfozo - Sforzao

The application of the Aitken (or the Neville) Algorithms in y direction for all 0<i <n

yields the bivariate divided differences.

foorza foroiza Sforizo1za - fo012.8012.n
foo12 o012 forz012 . Sowz.a02
foot form fozo . foz.a0

foo foio foz0 . o120
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The 2-d arrays developed in Section 1.8 can be used to perform the above computations
efficiently. Assume that initially By =f;; for 0<i,j <n . The following procedure com-
putes the bivariate divided differences assuming a 2-d Aitken array is available to a host com-

puter.

Procedure Bivariate (x; ,y; ,B; ; 0<i,j<n)
FORj=0.TO n
B;; = Univariate (x; ,B; ; 0<i<n)
END FOR
FOR i=0TO n
Bj; = Univariate (y; ,B; ; 0<j<n)
END FOR

END PROCEDURE

At the end of all computations the arrays B; holds the bivariate divided differences, i.e.
Bi=forio,j for 0<i,j<n.

The execution of & processes on a 2-d Aitken array takes 217 +4 —2 time steps
where each step is a divided difference operation (1.9). Thus, the above procedure will take
3n -1 steps to execute thé first loop, and the same number of steps for the second loop;
which gives the total parallel time as T,,, =6 n —2. Since the sequential computation of
the bivariate divided differences takes T, =n (n-1)(n +1 ), and 2-d array contains

p =n (n —1)/2 processing elements, the efficiency of this scheme will be
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Tseq _ n+1

BT, 3ncd

=0.33

which is asymptotically optimal. Computation of bivariate ( or multivariate ) generalized

divided differences can be done by straightforward extension of the above algorithm..

1.12. LARGE INTERPOLATION ON SMALLER ARRAYS

One of the well-known constraints in the VLSI implementation of algorithms is what

we will call the dimensionality problem. Processor arrays come with fixed dimensions and we
-must try to use them effectively. A parallel can be drawn with the situation in strongly typed
languages like Pascal, where procedures and functions handling array type arguments cannot
handle arrays of different dimensions, even if the dimension bounds are not exceeded. The
software version of the problem is solved by making suitable improvements to the language-
compiler capabilities. It is obvious that none of these methods can handle the hardware ver-
sion of the problem, which will require a direct modification of the algorithm. As the dimen-

sion of the problem will only rarely be fixed beforehand, one of the following may happen:

1) The dimension of the problem fits exactly the size of the processor array; In this case

there should be no difficulty in using the processor array effectively.

2) The dimension of the problem is smaller than the size of the processor array; In this
case, much depends on the structure of the algorithm. In most cases the situation is
easily handled, by disabling some units (assuming this is possible). Hence a less
efficient use of the array will result. There are situations however in which this is not
possible. An example is the case of a processor array used in a recirculating fashion or
making use of wrap-around connections, e.g. like the use of a processor array to handle

the multiplication of two matrices by means of Cannon’s algorithm [Cann69],
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[DeNS81]. Again, the situation is handled by suitably increasing the size of the prob-
lem with data elements which do not affect the resuit (e.g. identity elements with
respect to the size of the problem.) In any case, the array is used with less than full

efficiency.

3) The dimension of the problem is larger than the size of the processor array; This is the
most interesting situation and we have to consider it in some detail. The difficulty under
which this will be handled is directly proportional to the amount of decompoéability
inherent in the algorithm. At best, the algorithm would be decomposed into blocks of
size equal to the dimension of the processor array. Subsequently, partial results would
be composed together using a processor array of the same size (it could be the same

array for example).

In this section we show that by formulating the Newton and Hermite polynomial inteipola-
tion problems as solution of linear systems of equations, it is possible to decompose a poly-
nomial interpolation problem to polynomial interpolation and matrix-vector product prob-
lems of smaller size. The idea is based on the observation that polynomial interpolation
problem can be formulated as solution of a linear System of equations of the form

Nc=f (1.11)
where Ne FO*DX@+) and ¢ fe F*! . If the standard representation of a polynomial is
used then the matrix N is transpose of a Vandermonde matrix of dimension n +1. The
polynomial interpolation problem for the standard representation of the polynomial can thus

be solved by solving a Vandermonde system of linear equations [BjPe70].

Traditionally the Newton and Hermite interpolation problems are solved by using the

Aitken and Neville recursions rather than introducing the problem as a linear algebra prob-



Chapter 1 -33- Section 12

lem. This is based on the fact that the recursions are easy to program, and the memory
requirements are quite modest. It takes only O (n?) arithmetic operations and O (n)
memory space to compute the coefficients of a n-degree Newton interpolating polynomial.
We will show that a Newton polynomial interpolation problem of size n +1 can be decom-
posed into ¢q +1 polynomial interpolation and matrix-vector product problems of size
p+1 eachif n+1=(p +1)(q +1) ifitis formulated as a linear algebra problem of the
form (1.11).

This formulation and decomposition is naturaily generalized t