Computers Math. Applic. Vol. 21, No, 2-3, pp. 167-169, 1991 0097-4943/91 $3.00 + 0.00
Printed in Great Britain. All rights reserved Copyright@© 1991 Pergamon Press plc

FAST COMPUTATION OF CONTINUED FRACTIONS

OMmEeRr Eéecioéru!, CETIN K. Kog 2 anp Josep RirA 1 Comal
1Department of Computer Science, University of California, Santa Barbara, CA 93106
2Department of Electrical Engineering University of Houston, Houston, TX 77204
3Dpt. d'Informéatica. Fac. Ciéncies, Universitat Autdnoma de Barcelona, 08193 Bellaterra, Spain

(Received April, 1990)

Abstract—We give an O(logn) algorithm to compute the nth convergent of a periodic continued
fraction. The algorithm is based on matrix representation of continued fractions, due to Milne-
Thomson. This approach also allows for the computation of first n convergents of a general continued
fraction in O(logn) time using O(lo‘;_n} ProCessors.

1. INTRODUCTION

A substitution scheme for the computation of continued fractions (CFs) was recently proposed
in [1]. This algorithm requires O(log n) number of operations to compute the nth convergent of
a periodic CF. In this note we show that a formulation due to Milne-Thomson (matrix-vector
approach) for arbitrary CFs specializes to the periodic case with the same time complexity, and
is also efficiently parallelizable for general CFs by using parallel prefix techniques.

Algorithms for the computation of CFs can be used to compute quadratic surds, Fibonacci
numbers, and solutions of second order linear recurrences. Fibonacci numbers, for example, can
be computed using the following identity

(&)= B[R] 2
F, 1 0 Fo
which can be derived from a continued fraction expansion. We can find Fy, in O(log n) time by
computing the nth power of the above 2 X 2 matrix using the well-known binary method (square
and multiply method) [4].

The algorithm we propose uses the matrix representation of a general CF, due to L. M. Milne-
Thomson (see section 5.3, pages 108-110 in [7]). Using the Milne-Thomson matrix representation,
the computation of the kth convergent of a general CF for k = 1,2,...n is shown to follow from

the computation of prefix products of n matrices. The resulting parallel algorithm can be used
to compute all convergents of a general CF in O(log n) parallel time using O(%) processors.

2. FAST COMPUTATION OF PERIODIC CONTINUED FRACTIONS

Consider the nth convergent

by b -
Ps - g ba b5 b (2)
n ﬂ.:_}+ as+ Qpn

of a given CF. It is shown by Milne-Thomson that p, and ¢, can be represented as the product
of n 2 x 2 matrices

Pn Pn-1| _ a; 1 as 1 az 1 | an 1 (3)
n Gn-1 + 1 0 bo 0 bs 0 b, 0]
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The above representation provides an obvious alternative for the fast computation of the nth
convergent of a CF. Let

_ ag 1.
A"_[b;,. O]forISkSn,

with b; = 1. We can then write (3) concisely as
Pn Pn-1
= AjApAz.--A,.
[ wa]= autan
A periodic CF with period j is a CF of the form

bg 53 b.‘ ( €1 €9 Ej )
= . : 4
as+ ﬂ3+ ai+ \ fi+ f2+ Fi+ )

where i and j are constants and the bar denotes the periodic part. Define

_ e 1 ;
Bk—[fk O]forlgks_}.

Let Gy = Ayjdy- - Ap and H. = B1B3--- B, for 1<k <iand 1 <r<j. If n <i+j, then the
nth convergent f;f can be computed from

[pn pn-—i] =Gk; or [pﬂ Pn-l] — G:'Hr (5]
fn  9n-1 In  In-1

fork<iandr<j.Ifn>i+j,thenn=i+sj+rwiths>1land 0<r <j—1. Thus

2 times
e e
[E" Eﬂ_i] =G HjH;---Hj H, = G:iHjH, 6)
n n-—

The above representation of a periodic CF immediately yields an O(logn) algorithm:

THEOREM 1. The nth convergent %f of a periodic continued fraction can be computed in O(log n)
time.

Proof: We first compute G;, Hy, and H; using O(i)+0(j) arithmetic operations. Note that H, is
computed during the computation of H; since r < j. We then proceed to compute H} in O(log s)
arithmetic operations using the binary method [4]. The final matrix product G;H} H, requires
only O(1) arithmetic operations. Since i and j are constants, the total number of arithmetic
operations is

O(log s) = O(log ) = O(log n).

We see that the Milne-Thomson matrix representatlon provides an O(logn) algorithm for
computing periodic CFs. For the justification of the identity (1) to compute the Fibonacci
numbers, consider the well-known CF expansion of the golden ratio:

1+v/5_1 % A
2 14141+

in which the nth convergent is EE—‘ The Milne-Thomson construction gives

5 an]= el ol ol-h o] = [ ol

which is equivalent to (1).
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3. PARALLEL COMPUTATION OF GENERAL CONTINUED FRACTIONS

The Milne-Thomson matrix representation can be utilized to design a parallel algorithm for the
computation of a general CF as well.

THEOREM 2. All convergents -’;’: for k=1,2,3...,nof a general CF can be computed computed
in O(logn) parallel time using O( 57 ) processors.

Proof: The computation of p; and g for all k = 1,2,... ,n requires the computation of
the prefix products of the matrices Ay for 1 < k < n. This can be done in O(logn) matrix
multiplications with O(n) processors using a parallel prefix algorithm [6,3,2,5,8]. Since each
matrix is 2 x 2, the total number of arithmetic operations is equal to O(log n). With a little more
effort, we can reduce the required number of processors by a factor of O(log n): the prefixes of n
elements can be computed in O(% + log p) time using p processors [5]. Choosing p = %;, the
parallel time becomes

(0] (logn + log lozn) = O(log n — loglogn) = O(logn).

Thus the first n convergents of a general CF can be computed in O(logn) time with O(525)
processors.
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